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In classical or quantum mechanics, an observable 1s anything that can be measured 1n an experiment. The same observables can be measured 1n either paradigm, and quantization 1s how the two are related: For a certain
type of topological space X, a quantization of the space is a Hilbert Space H and a certain type of linear map O from Cj(X ), the space of classical observables (continuous functions from X to R), to B(7# ), the space of
quantum observables. There are two approaches to quantization: geometric quantization and algebraic quantization. Geometric quantization requires a type of differential geometry on Cj( X ), but algebraic quantization
requires only that Cjy(X') be a C* algebra (a space with addition, not-necessarily-commutative multiplication, the distributive property, and *, a conjugation-like operation, if nontrivial) and is an area of active research.

Representation Theory and the Heisenberg Group

The Heisenberg group, Heis(R*"), is a Lie group that can be represented by the set of vectors [v t} , for

— [p q] c R and t € R, with ordinary addition but multiplication given by [vg tg} : [UQ tg]
[vl + vg t1 + to + w(vy, ”Uz)} for a given antisymmetric bilinear two-form w, with the commutator as its Lie
bracket. The Schrodinger representation of index m, 7', maps from Heis(R*") to Aut(L*(R")). It is given

by [p q s] — the operator sending f(z) to >+ e 2)4) f (3 + p). Forn =1, P = [1 0 0] has
(@r2(P))([(2)) = S8 fl )l = LF(2), @ = [010] has (dn2(Q))(f(x)) = Ammi f(z), and

R = (001 has (dr2(Q))(f(x)) = 2rmif(z), so [dr2(Q), dn%(P)] = —4mim and the Lie algebra given
by dr'¥(Heis(R*")) mimics quantum operators.

We generalized this representation via what 1s obtained solely from the system of differential equations

3(x2 (") f (@)l = LF(2), L) f(z)i—o — Armizf(z), and (w2 (eR) f(@)]y = 2rmif (x).
which is any function of the form 2mmits f(x + K2,[t1, to, t3] + O(t1, t3)) + mmazts f(x + K2,[t1, ta, t3] +
O(tz, tg)) f(ZE‘ tl KiQ[tl, tQ, tg]) KQQ[IH, tQ,_tg]f(Q? tl) O(QL’), with O(ti, t]‘) bilineafand

K.,[t1, 12, t3]|5 = 0 having no linear or constant component in t1, £, or t3. Setting all f(z + O(ty,t;)) terms
to f($ + tl) and C(ZE) to zero, (ﬂ'g}( [tl Ifg Ifg} )f)(x) — (1 + 27Tmi(t3 + 2$t2)—|— K%Q[tl, tQ, tg])f(.flf + tl), SO

K9, [t1, to, t3] f (x + ¢1) must remain an L* function for arbitrary K2,[t;, {2, t3], requiring f to be restricted to
an element of the Schwartz space S(R), a dense subset of L*(R). This is not necessarily unitary, evident
from taking K{,[t1, t9, t3] = 0 to be zero. The (unitary) Schrodinger representation corresponds to taking
C(I) — O(tl, tg) — O(tl, tQ) — ng[tl, tQ, tg] = (O forallz {1, 2, 3} and KQQ[?H, tQ, tg] —

2mrmitits + Y H(2mmi(ts + (2x + t1)t2))", yielding the expression (1 + 27mi(ts + (2z + t1)t2)+

k>2
> 5H2mmits+ 2z +6)6)") f(x+t) = %%(zwmi(t3+(2x+t1)t2))kf(x+t ) =

k>2

27Tmz(t3+(2:1:+t1)t2)f(x _|_t1).

Conclusion and Directions for Future Research

Deformation Quantization

Gronewold-van Hove's “no-go” theorem prevents standard algebraic quantization: It stops nontrivial linear

O : Kl|p,q| — A, where K|p, q| is the algebra of polynomials in p and ¢ over K and A an associative Lie

K -algebra, preserving the Poisson bracket, the identity, and the squares of p and ¢. This is because { f, g}
lowers the order of g if f has order of < 2 (in p and ¢), does not change order if of = 2, and raises the order
of g if oy > 2, unless g is sent to zero. K<s|p, q| is a maximal subalgebra, so A is isomorpic to K|[p, q] with
O as the isomorphism (if K<s|p, q| is preserved) or O is zero.

Deformation quantization evades the no-go theorem, replacing the standard product by an associative but

non-commuting x, with f % g = Z ,Uk(fa g)ﬁk, No(fa 9) = /g, and Z Mn—z‘(/ﬁz’(f; 9)» h))—

k>0 0<i<n

tn—i(f, (g, h)) =0, and all u; are bidifferential operators. The deformation Lie bracket | , |, with
9] = > Ti(f,9)h" = f % g — g f such that T(f,g) = {f, g} (the standard Poisson bracket), the sum

k>1
1)>f0(2)7 fa(?))) — (f‘u fja fk) of Z Tn—l(ﬂ(fivfj)a fk) =0, and all 7} are

over even permutations of (f
0<i<n

bidifferential operators. The Moyal product (f *yr g)(x) = g~ iha"0, % f(x)gly )| y=z, Where o/ = —aJ".
One deformation quantization is the Wey/ quant/zat/on OW C>®°(R") — B(H). It starts by asserting for all

f(q,p), f(a,p) = f(a,p) = £(4,D) = G S [(q, e S DTw0=PDIAgng dty d"q d'p. p - q maps to
the Weyl-ordered product £(p - ¢ + G - p), ensuring well-defined-ness. If 0" (a) = a a = symb( ) is the Weyl/

symbol of a. Acting with OW(f) on an arbitrary function v, (O (f)y)(z) = o ﬁ = Jgen h(p, 55 e e/

Y(2")d"p d"x" gives the stanc!arc form of the Weyl product. This uItimater aIIows symb(fg) to be calculated
as f *pr g, making symb(ia|f, g]) = {f,g}. If a product x = x;; + x" has the property that

O (fxg—gx f) =ihlf 9] Vf,g has ih[f,9) = O (fxug—g*uf)+ OV (f+g—g* f) s
OV(f+ g— g+ f)=0, making ' a symmetric product ® by injectivity.

ZC—HIZ’

Deformation quantization connects the familiar properties of classical mechanics with the structure of quantum mechanics, and a complete approach to quantization promises to improve the understanding of both. For
instance, the formula x = x;; + ® may be described as an endpoint of a homotopy %, + t®: *3; — * in the space of binary functions on the algebra of observables on 1T7*(), a symplectic Poisson manifold. Then, construct
the following bundle Alt*(T(T*Q)) ® Sym*(T(T*Q)), so t¥ = 7 + as” € AltY(T(T*Q)) ® Sym*(T(T*Q)), with 77 € Alt*(T(T*Q)) and sV € Sym*(T(T*Q)), may be constructed such that
fxg=fxug+fOg=fg—iha’(0;f0;9+ 0;f0:9)/2 + ahs”(0;f0;9 + 0;fD;9)/2 + O(ah?) if f ® g is O(ah) (where « itself is O(#)). This is a weak coupling to gravity if s* is taken as the metric g/, and exploring
geometric properties like the connection and curvature of Alt*(T(T*Q)) @ Sym*(T(T*Q)) is an interesting area for further study. Also, the representation theory of the Schrodinger representation of the Heisenberg group

and deformation quantization performed here could be generalized further.
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